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For the one-dimensional potential well with finite height ^ ( ^ > 0 or P6 < 0) the exact 
Green's function G is calculated by solving the differential equation. The poles of G in the 
complex energy plane are shown to coincide with the solutions to the Schrödinger eigenvalue 
equation for this potential. The well-known Green's functions for the special cases of the free 
particle and of the particle in an infinitely high potential box are recovered. 

Green 's functions are of great impor tance in 
quan tum physics for calculating energy eigenvalues, 
eigenfunctions, density of states [1] or, via inverse 
Laplace t ransformation, for the canonical density 
matr ix in statistical mechanics [2]. Fur the rmore , the 
Green ' s function is a valuable tool for per turba t ion 
theory, e.g. in scattering problems [3]. 

For use as model system or for test of approx ima-
tion methods it is always advantageous to have 
exact solutions to certain q u a n t u m mechanical 
potentials available. Exact solutions are known for 
f ree particles under various boundary condit ions 
including the particle in a box with infinitely high 
walls, see e.g. [4, 5], Fu r the r exactly solvable poten-
tials are the harmonic oscillator in one, three or 
more dimensions [6 — 9, 15], the Morse-, Kratzer-
and double min imum potential [7], the non-relativ-
istic Coulomb potential [ 1 0 - 1 2 ] , and the homo-
geneous magnetic field [13, 14]. Surprisingly, how-
ever, the case of a part icle moving in a one-d imen-
sional rectangular potential well (or barr ier) with 
finite heigh VQ seems not to have been dealt with up 
to now although this potential is 

— still relatively s imple and therefore is t ractable 
f rom the mathemat ica l point of view 

- non-trivial f rom a physical point of view inas-
much as both bound and unbound states can 
occur if V0 < 0. 

There are mainly three methods for calculating 
the Green 's function G (_v, x 0 , z) [ 1, 4, 5]. 

Reprint requests to Prof. Dr. R. Baltin, Abteilung für Theo-
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1. Solving the Differential Equation 

(z-Hx)G(x,x0,z) = ö(x-x0), 

where z is a complex parameter , 

h2 Ö2 

H x = - + V(x) 
2 m 0.Y2 

and G has to satisfy certain boundary conditions. 

2. Summing up the Spectral Representation 

V* (*o) Vn (-V) 

(1) 

(2) 

G(x,x0,z) = X 
z - E„ 

(3) 

where En and t//„ are eigenvalues and eigenfunct ions 
of Hx, respectively. If the spectrum of Hx has con-
t inuous parts, the summat ion has to be replaced by 
an integration over these parts. 

3. Performing the Feynman Path Integral Expression 
for the Green's Function, see [16,17] 

In this paper the first approach is adopted for the 
potent ial 

K

H o " e . s e ° r < 0 ) ' f ( 4 ) 

According to the general method [4, 5], two solu-
tions of the homogeneous equat ion 

(z - fix) G h = 0 (5) 

have to be de termined, G^ (x,z) and G% ( x , z ) , such 
tha t 

G~h ( x , r ) bounded for x + co , (6 a) 

Gf (.v, z) bounded for x ->• - oo . (6 b) 
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Then the desired Green's function is given by 

2 m 
G (.V, *o, z) = - ^ - y [0 (x0 - X) Gh (x, z) G>h (.v0, z) 

+ d (x - x0) GA> (.V, z) G,< (.x0, z)] , (7) 

where 9(x) is the unit step function ( = 1 , 1/2, 0 for 
.X > 0 , -x = 0, and x < 0, respectively) and the 
Wronskian 

G<h(x0,z) G>h(x0,z) 
0 G<h(x0,z) dG>h(x0,z) W{z) = 

a.Yo 0*o 

is actually independent of x 0 . 
With the abbreviations 

x. 

x2 = 

2m 

h2 

2 m 
- p - 0 4 - r ) 

1/2 

X3 = X, 

and defining intervals of the .v-axis 

A = (— oo, 0) , 

/ 2 = [ 0 , L ] , 

/ 3 = (L, + oo) , 

equat ion (5) is written for .v e 7, ( i = 1, 2, 3) 

2 r. -
6A- - x 1 Gh = 0 

the general solution of which is given by 

Gh =Aj e*iX + Bj e~x>x 

with still undetermined constants A,-. B:. 
From the definitions 

Cl = 
C2(x) = d ( x ) - d ( x - L ) t 

C3 (-v) = 0(x — L) 

we have 
1 for x G / , , 

0 e lse , 

and therefore for all .v 
3 

1 = 1 

(8) 

(9 a) 

(9 b) 

(9 c) 

(10a) 

(10b) 

(10c) 

(11) 

(12) 

(13a) 

(13b) 

(13c) 

(14) 

(15) 

The six constants A,, B, (i = 1 ,2 ,3) are interrelated 
by the well-known joint conditions for continuity 
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and smoothness of Gh at x = 0 and x = L 

A\ + B\ = A2 + Bi, (16a) 

xx{Ax-B,) = x2(A2-B2), (16b) 

A2 ex*L + B2 e~x*L = A3 eXlL + B3 e~x'L , (16c) 

x2 (A2 ex°L - B2 e~x*L) = x, (A3 ex>L - B3 (16d) 

f rom which e.g. A\, B\, A3, B3 may be expressed as 
functions of A2, B2 (provided x\ =t= 0) and eliminated 
f rom (15). After some lengthy algebra we obtain 

Gh=A2f(x,z) + B2g(x,z) (17) 

where 

f ( x , z ) = Cl (X) (7+ c*1* + y-e-*x) + Ci(x) e«*x (18a) 

+ C3 (x) (}'+ e^2~Xl> L+XlX + y_ ^ 

g (.X, z) = Cl (-V) (7- + 7+ XlX) + Cl (x) e-**x (18b) 
4- C3 ( v) (••_ e~(.X2+L +XiX y+e-(x2-x1 )L-xvx^ 

and 

7± (z) = 
1 

x, 
(19) 

When the convention is adopted that the square 
root of a complex number H> = | W j el<p (— n < cp ^ n) 
is taken to be 

,1/2 _ + H' 1/2 exp {/' (p/2) 

then we have for all 

Re (x , ) ^ 0 , 

Re (x2) 0 . 

(20 a) 

(20 b) 

where the sign of equality holds only for real z ^ 0 
in (20a) and only for real z ^ V0 in (20b). Hence 
(except for real z ^ 0) 

lim e-*lX\= \im elx Kexi= +oo , (21a) 
x-* —CO x -* - CO 

lim e+XlX ! = lim e
x R e x i = + 00 . (21b) 

.V — + 00 ,T-» + 00 

Thus the solutions G^ , G^ of (5) can be written 

Gj (x, z) = A f / ( x , z) + B* g (x, z) , (22) 
where the boundary conditions ( 6 a , b ) are satisfied 
if 

and 

A2 y+ ex*L + B2 7_ e~XiL = 0 

Af 7_ + Bf 7+ = 0 . 

(23 a) 

(23 b) 
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When B2 and Bf are el iminated by the last two 
equations, G% and Gfi become proport ional to Af 
and A f , respectively. Then it is clear f rom (7), (8) 
that the product Af Af cancels in the expression for 
G (.Y, .Y0 ,Z), so we can set Af = Af=\. With this 
convention we obtain f rom (18a ,b ) , (19), (22), 
(23 a, b) 

2 e*2L 

GZ(x,z)= gt(x,z), (24 a) 

gt(x,z) = Ci (x) ~ sinh (X2L) eXlX+te~kiX 

+ C2 (x) [r sinh (x2 (L - x)) + r cosh (x2 (L - .Y))] 

+ C3 (*) f e^ ( L ~ x ) (25 a) 

and 

Gt (x, z) = (24 b) 
r + z 

9h z ) = Ci (x) r eXlX 

+ C2 (*) [z sinh (x2 .Y) + r cosh (x2 .Y)] (25 b) 

+ C3 (x) — sinh (x2 L) e-*(x~L) + / ex^x~L) 

with 

r = z (x2/x\), (26 a) 

t = (z-V0/2) sinh (x2 L) + r cosh {x2 L) . (26 b) 
When expressions (24 a, b), (25 a, b) are inserted in 
eqn. (8), we find after a lot of algebra 

W(z) = 8 x2teX2L/V0 

and finally using (7) 

m 
G(x,x0,z) = - — -

lr z x2t 

•[9(x-x0)gZ(x,z)gZ(x0,z) 

+ 0(xo-x)gZ(x,z)gZ(xQ,z)]. 

(27) 

(28) 

Let us discuss briefly the analytical s t ructure of G. 
Along the positive real z-axis a branch cut of G is 
found because X\ appears in G. For x > .Y0 we have 
Ci (.x) • Cj (-Yo) = 0 if i < j. A term-by-term inspection 
then shows that all nonvanishing products ap-
pearing in gfi ( . Y , Z ) • gfi(x0,z) tend to zero at least 
~ z 1 / 2 for z -> 0. The same behaviour is found for 
, Y < . Y 0 . Therefore G has a singularity ~ z - 1 / 2 (not 
~ z) for z • 0. 

When z -> V0, x2 • t ~ (V0 — z). Since, however, 
the expression in square brackets is easily seen to be 
of the same order, G remains finite for z -> V0. 

Apart f rom z = V0, the equat ion t = 0 turns out to 
have fur ther solutions only if z is real with ^ < z < 0. 
Using the abbreviat ions 3 = L[2m (z - V0)/tr]u2 

and r 0 = VQ L2 m/h2, t vanishes if 3 satisfies 

(,92 + i'o) sin 5 - 3 1/2 j r 0 - 32 cos S = 0 (29) 

which leads just to the transcendental eigenvalue 
equat ions for even and odd eigenfunctions which, 
e.g. in the notat ion of Flügge [18], read (with 
2a k = 5 and C 2 = - v0/2) 

and 

a k tan (a k) = VC2 - a2 k2 

]/C2 - a2 k2 tan (a k) = - a k . 

Thus the poles of G de termine the exact bound state 
energies as is required f rom the spectral representa-
tion (3). 

Finally we show how the exact Green 's funct ions 
for the special cases of the free particle (J^-»-0) 
and of the particle in a box with infinitely high 
walls are recovered f rom expression (28). 

2m 
For % 0 x\ = x2 = x = \ -

t = z exL and so h2 

1/2 
thus r = z, 

g> (x, z) = z c*<*"«> (C, (x) + C2 (x) + C3 Cv)) 

= zc x ( L - - x ) (30 a) 

and analogously 

g<(x,z) = zexx. (30b) 

There fo re we get f rom (28) the free particle Green ' s 
funct ion 

m 
L I M G ( .Y , _ Y 0 , Z ) = - — — 

K0-+0 frx 

m 

x(x
0
-x) [ Ö ( . Y - . Y 0 ) E 

+ 9 (X 0 - -Y) e~x(x°-x)] 

h2x 
(31) 

The Green ' s funct ion for the box with infinitely 
high walls is obta ined f rom the Green 's funct ion G, 
for the potential 

Vx(x)=V{x)-VQ=V{x) + \Vo\ 

in the limit V0 -»• 00 (V0 < 0). Since, however, 

(: 

(32) 

HXx) GX ( . Y , . Y O , Z ) 

h2 Ö2 

+ V(x)-V0 G\ ( x , x 0 , z ) 
2 m Ö .Y 2 

= [(z + V0) — Hx] Gx (x, x0, z) = <5 (x - x0) (33) 
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it follows that 

G, (A, A'o ,Z) = G (A, A'o , Z + V Q ) . 
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(34) 

Therefore we have to replace z by z + V0 in expres-
sion (28) and then let V0 - x . When x} = 
[ - a ( z + V0)]U2, x2 = ( - a z ) 1 / 2 (a = 2m//?2) are in-
serted in (25a. b). (26a. b), and (28), we obtain for 
A > AO in the limit V0 -> - oo 

9h (-Y) 9h (-Yo) = (z + V0)2 C2 ( A ) C2 (-YO) (35) 

• sinh [x2(L- A)] sinh (x2 x0). 

All the other terms tend to zero exponentially. The 
diverging term (z + J^)2 cancels a corresponding 
term in the denomina tor of G ( A , x 0 , z + VQ). If we 
write ( - y z)1 / 2 = / (a z)1 / 2 noting 0 < Re ( - a z)1 / 2 

= — Im (a z)1 /2 we finally obtain 
21/2 

l i m o c G ( A , A 0 , z + ^ ) = r l / 2 s i n ( a l / 2 L ) 

X [9 ( A - A 0 ) sin ( A 1 / 2 ( A - L)) sin ( A 1 / 2 x0) 

+ 0 ( A 0 - A) sin ( A 1 / 2 ( A 0 - L)) sin ( A , / 2 A)] (36) 

where now 0 ^ A, A0 ^ L. 

This limit agrees with the Green ' s function for 
the box with infinitely high walls as given e.g. by 
Morse-Feshbach [5] if we identify /. = OCZ, G, (A A 0 ) 

4 71 
= lim G(x,x0,z+V0), b=L, a = 0 where 

y. v0->-oc 
the I lis notat ions are used by these authors. 
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Note added iti proof: 
Onlv recently the author became aware of a paper of 

J. L. Beeby, Proc. Camb. Phil. Soc. 59, 609 (1963), where 
the propagator for a square well (PQ<0) has been cal-
culated by a similar method for the special case of 
Im (z) ± 0. 
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