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For the one-dimensional potential well with finite height 15 (Jy;> 0 or J; <0) the exact
Green’s function G is calculated by solving the differential equation. The poles of G in the
complex energy plane are shown to coincide with the solutions to the Schrodinger eigenvalue
equation for this potential. The well-known Green’s functions for the special cases of the free
particle and of the particle in an infinitely high potential box are recovered.

Green’s functions are of great importance in
quantum physics for calculating energy eigenvalues,
eigenfunctions, density of states [1] or, via inverse
Laplace transformation, for the canonical density
matrix in statistical mechanics [2]. Furthermore, the
Green’s function is a valuable tool for perturbation
theory, e.g. in scattering problems [3].

For use as model system or for test of approxima-
tion methods it is always advantageous to have
exact solutions to certain quantum mechanical
potentials available. Exact solutions are known for
free particles under various boundary conditions
including the particle in a box with infinitely high
walls, see e.g. [4, 5]. Further exactly solvable poten-
tials are the harmonic oscillator in one, three or
more dimensions [6—9, 15], the Morse-, Kratzer-
and double minimum potential [7], the non-relativ-
istic Coulomb potential [10—12], and the homo-
geneous magnetic field [13, 14]. Surprisingly, how-
ever, the case of a particle moving in a one-dimen-
sional rectangular potential well (or barrier) with
finite heigh }j seems not to have been dealt with up
to now although this potential is

— still relatively simple and therefore is tractable
from the mathematical point of view

— non-trivial from a physical point of view inas-
much as both bound and unbound states can
occur if I < 0.

There are mainly three methods for calculating
the Green’s function G (x, xg, 2) [1, 4, 5].
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1. Solving the Differential Equation

(Z_ﬂx)G(-V--\'0,5)=5(x_-\'0)s (1)
where z is a complex parameter,
h 92
= +V(x 2
x m o2 (x) 2

and G has to satisfy certain boundary conditions.

2. Summing up the Spectral Representation

o0} *
Wi (Xo) Wa (X)
G (x,x0,2) = ¥,
n=1 < n

5 (3)
where E, and y, are eigenvalues and eigenfunctions
of H,, respectively. If the spectrum of H, has con-
tinuous parts, the summation has to be replaced by
an integration over these parts.

3. Performing the Feynman Path Integral Expression
for the Green’s Function, see [16, 17]

In this paper the first approach is adopted for the
potential
129 <0) if
Vix) = p(>or<0) 1
0 else.

0=x=1L,

4)

According to the general method [4, 5], two solu-
tions of the homogeneous equation

(z—H) Gy=0 )

have to be determined, G7 (x,z) and Gj (x,z), such
that
7 (x,z) bounded for x - + o0,

Gy (x,z

(6a)

bounded for x - — o0 . (6b)
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Then the desired Green'’s function is given by
-
TR W()

+ 0 (x—xq) Gj, (x,2) G (x0,2)],  (7)

G (x,x,2) [0 (xo—x) G (x,2) G (x0,2)

where 6(x) is the unit step function (=1, 1/2, 0 for
x>0, x=0, and x <0, respectively) and the
Wronskian

G; (-\‘07:) 7(-Y052)
W(z)=|0Gj (x0,2) 08GF(x0,2) (8)
a'\.0 a.\'o
is actually independent of x;.
With the abbreviations
2m 172
1= (— 3 ') : (9a)
172

Vz—[fz (VO—L)} : (9b)

13 = %9¢)
and defining intervals of the x-axis

I, =(-00,0), (10a)

L=10,1], (10b)

I;=(L,+x), (10¢)
equation (5) is written forx € [; (i=1, 2, 3)

0%’G

ax; — 2 G,=0 (11)
the general solution of which is given by

Gy=A;€"* + B e™* (12)
with still undetermined constants 4;, B;.

From the definitions

Gx)=1-0(x), (13a)

G(x)=60(x)-60(x—L), (13b)

Gx)=60(x-L) (13¢)
we have Lo el

or x € I

Fo(x) = N 14

G 0 else, (14
and therefore for all x

3
Gy=2. (4; e+ Bie ™) {;(x). (15)

i=1
The six constants 4;. B; (i= 1,2, 3) are interrelated
by the well-known joint conditions for continuity
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and smoothness of G, at xy=0and x = L

A+ B =4+ By, (16a)
(A —B)) = (4,— B,), (16b)
Ay et + B, el = 45 4L + By el (16¢)

%3 (Ay et — By e7*2L) = ) (43 1L — By e~™L) (16d)

from which e.g. 4,, By, A3, B; may be expressed as
functions of 45, B, (provided »; # 0) and eliminated
from (15). After some lengthy algebra we obtain

Gh =A2f(.\',:) + BZ g (.\‘,Z)
where

F06,2) =0 (x) (e €7 +p-e7) + L (x) €2 (183)
J- <:3 (Y) (y+ e(xz—xl) L+x1x + v e(x2+3<1)L—'11X) ,

a7

g (x,2) ={ (x) (- +y e )+ {H(x) e (18Db)
4 C3 (\) (./,_ e—(zg+zl)L+z,.\' + Vi e-(xz—xl)L—xl.\') ,

and

(19)

When the convention is adopted that the square
root of a complex number w= w|e'?(—n< ¢ =n)
1s taken to be

w2 =+ w2 exp {i ¢/2)
then we have for all z

Re(x) =0,

Re () =0,

(20a)
(20b)
where the sign of equality holds only for real z = 0

in (20a) and only for real z= J; in (20b). Hence
(except for real z = 0)

lim |e %= lim e*R*=+ 0, (2la)
X=-—=00 X==00
lim e = lim e*R* =+ o0 . (21b)
X=> +00 xX—=+o0

Thus the solutions G, Gj of (5) can be written

Gy (x,2) =45 f(x.2) + BS g (x.2), (22)

where the boundary conditions (6a,b) are satisfied
if

A3 ppet + BE y_e b =0 (232)
and

AT y-+ B3 y.=0. (23b)
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When B3 and B3 are eliminated by the last two
equations, G; and Gj become proportional to A3
and A5, respectively. Then it is clear from (7), (8)
that the product 43 A5 cancels in the expression for
G (x,xp,z), sO we can set 45 =A5=1. With this
convention we obtain from (18a,b), (19), (22),
(23a,b)
o L

Gi (x.2) = gi (x.2), (24a)

r—z
— W . , “k
gr (x,2) = {1 (x) > sinh (3 L) e + t e~ "1

+ {5 (x) [z sinh (3 (L — x)) + r cosh (3 (L — x))]

+ {3 (x) read= (252)
and
Gi (x,2)= g5 (x,2), (24b)

r+z

gr (x,2) = (x) re”

+ {5 (x) [z sinh (%, x) + r cosh (3 )] (25b)

|78

is C3 (.\‘) 70 sinh (KZ L) e"‘l(-"'L) A f eaq(x—L)

with
r=z(n/x), (262)

t = (z—¥;/2) sinh (L) + r cosh (o L) . (26 b)

When expressions (24a, b), (25a, b) are inserted in
eqn. (8), we find after a lot of algebra

W(z)=8x1e2l/l (27
and finally using (7)
m
G(X,Xo,Z) == flz—z;{z—[_
[0 (x—xo0) g7 (x,2) gk (X0,2)
+0(xo—x) g (x,2) g (x0,2)]. (28)

Let us discuss briefly the analytical structure of G.
Along the positive real z-axis a branch cut of G is
found because x; appears in G. For x > x;, we have
(i(x) - G(xo)=0if i <j. A term-by-term inspection
then shows that all nonvanishing products ap-
pearing in gj (x,z) - gi (x,z) tend to zero at least
~z2 for z - 0. The same behaviour is found for
x < xo. Therefore G has a singularity ~z7/? (not
~z)forz = 0.

When z -1, » -t~ ()—z). Since, however,
the expression in square brackets is easily seen to be
of the same order, G remains finite for z — 3.

Apart from z = Jj, the equation 7 =0 turns out to
have further solutions only if z is real with Jj < z < 0.
Using the abbreviations § = L[2m (z — V;)/h*]'/?
and vq = ¥ I? m/h?, t vanishes if $ satisfies

(92 +10)sind—3V2 vy — 92 cos =0 (29)

which leads just to the transcendental eigenvalue
equations for even and odd eigenfunctions which,
e.g. in the notation of Fliigge [18], read (with
2ak = 9and C?= —1y/2)

aktan(ak)=)C?—- a® k?

and
VC*— a®k* tan(ak)=—ak.

Thus the poles of G determine the exact bound state
energies as is required from the spectral representa-
tion (3).

Finally we show how the exact Green’s functions
for the special cases of the free particle (¥ — 0)
and of the particle in a box with infinitely high
walls are recovered from expression (28).

2m 172
For W —=0xy=wn=x= ——:) , thus r=z,
t=ze*l and so

g” (x,2) =z e*E0 ({1 (x) + LX) + (x)
=z ¥l (30a)

and analogously
g=<(x,z)=ze*™".

(30b)

Therefore we get from (28) the free particle Green’s
function

i m A
limG (x,xg,2) =— o [0 (x — xq) e*(o™)
Vo= 0 %
+ 0 (xg— x) e *o70)]
m
gl (31)

The Green’s function for the box with infinitely
high walls is obtained from the Green’s function G,
for the potential

N =EVE) -k=VE)+ K (32)
in the limit | }j — oo (¥ < 0). Since, however,
(z = Hix) Gy (x, xo, 2)
h? 9?
= [—' = (— B 6.7+ Vi(x)— %)] G (x,x9,2)
=[(z+ %) — H,] G\ (x,x0,2) = & (x — x) (33)
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it follows that

G (x,x0.2) =G (x,xp.2+ W) . (34)

Therefore we have to replace z by z + } in expres-
sion (28) and then letly— —oc. When » =
[=o(z+ I{))]'/z. sy=(—oz)"2 (x=2m/h?) are in-

serted in (25a, b), (26a, b), and (28), we obtain for
X > Xg in the limit }j — — oC

gir () gir (x0) = (z + 1§)* & (x) Lo (o)

- sinh [#, (L — x)] sinh (54 xq) .

(35)

All the other terms tend to zero exponentially. The
diverging term (z+ ¥))® cancels a corresponding
term in the denominator of G (x,xq,z+ k). If we

write (—xz)"2=i(22)"? noting 0 < Re (—x2)"?
=—Im (2 2)"”? we finally obtain
_ 172
gt O e S T G G
x [0 (x — xg) sin (22 (x — L)) sin (2% xy)
+ 0 (xg— x) sin (2% (xo— L)) sin (*x)]  (36)

where now 0 = x, xy = L.
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